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Abstract
Non-Abelian gauge fields are traditionally not coupled to torsion due
to violation of gauge invariance. However, it is possible to couple torsion to
Yang-Mills fields while maintaining gauge invariance provided one accepts
that the gauge couplings then become scalar fields. In the past this has
been untenable from experimental constraints at the current epoch for
the electromagnetic field at least. Recent researches on the ”landscape”
arising out of string theory provides for many scalar fields which eventually
determine the various low energy parameters including gauge couplings
in the universe. With this scenario, we argue that the very early universe
provides a Riemann-Cartan geometry with non-zero torsion coupling to
gauge fields. The torsion is just the derivative of gauge coupling (scalar)
fields. As a result, in the evolution of the Universe, when the scalar
(moduli) fields determine the geometry of the universe to be Riemannian,
torsion goes to zero, implying that the associated modulus (and hence
the gauge coupling) has a constant value. An equivalent view is that
the modulus fixes the gauge coupling at some constant value causing the
torsion to vanish as a consequence. Of course, when torsion vanishes we
recover Einstein’s theory for further evolution of the universe.
1 Introduction.
Theories of gravity with torsion have been studied since their inception with
Cartan[1, 2, 3, 4]. These theories have been plagued by a problem of plenty in
the sense that the torsion fields in simple generalizations of the Einstein-Hilbert
action did not propagate and requiring minimal propagating torsion raised the
number of possible Lagrangian terms to ≈ 200! In the simplest theories, the so
called Einstein-Cartan-Sciama-Kibble (ECSK) theories [5], torsion was absent in
the vacuum and coupling to Dirac fields showed it to be related to (spin-) angu-
lar momentum of the matter fields. Gauge fields required a separate treatment
since their coupling to the gravitation field through the minimal coupling pro-
cedure necessarily brought in the antisymmetric part of the connection (hence
torsion), causing a violation of the gauge principle and charge conservation. The
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traditional approach has been to assume that the minimal coupling procedure
for gauge fields is carried out using the Christoffel symbols while the other mat-
ter fields couple through the complete non-symmetric connection. This isolation
of the gauge fields from torsion seems unnatural and ideally one would like to
end the isolation and treat gauge fields on par with other matter fields vis-a-
vis interaction with torsion. That this is indeed possible through the minimal
coupling procedure while maintaining gauge invariance was shown in [6], gen-
eralizing a suggestion of [7] for modifying the minimal coupling procedure for
the electromagnetic field. It was shown that the modification suggested by [7]
was equivalent to keeping the minimal coupling procedure while converting the
gauge coupling constant into a scalar field on spacetime. The torsion field takes
a rather simple form as the derivative of the scalar field as we will see in the next
section. For the particular case of electrodynamics, this spacetime dependent
coupling would imply that the electric charge is a function on spacetime. It is
obvious that this would have experimental consequences and puts restrictions
on the variation of the electric charge over spacetime and essentially rules out
torsion at the present epoch [8]. The recent discovery of the ”landscape” [9] in
string theory breathes new life into the above suggestions and we argue that one
of the moduli from the landscape is to be identified with this torsion field and
hence with the gauge charge. So, when the scalar field fixes the geometry to
be Riemannian, with zero torsion, it also fixes the gauge coupling of the unified
gauge group after the string compactification. Thus, in the evolution of the
universe, prior to the fixing of the moduli parameters for a particular universe,
torsion is non-zero and is also given by a modulus. At a suitable stage in its
evolution, as matter starts dissociating from radiation, all the gauge charges get
fixed. I.e; the moduli for the gauge charges assume constant values. For our
scenario, this also fixes the geometry to be Einsteinian with torsion becoming
zero. The analysis for the descent from the grand unification scale through
the electroweak to the current unbroken U(1) symmetry follows the standard
arguments [10].
2 Gauge fields and the Einstein-Cartan theory.
A Riemann-Cartan spacetime is a spacetime endowded with a Riemannian met-
ric gµν and parallel transport is carried out through a non-symmetric connec-
tion Γµνρ. The connection is assumed to be a metric connection, i.e; ∇µgνρ = 0
where the covariant derivative of the connection is simply ∇µ = ∂µ−Γµ. In Ein-
stein’s theory, the connection is symmetric, Γµνρ = Γ
µ
ρν . For non-symmetric
connections, the antisymmetric part 12 (Γ
µ
νρ−Γµρν) is the torsion, T µνρ. Since
our purpose is not to discuss torsion theories of gravity but their interaction with
gauge fields, we simply note that all matter couplings are carried out through
the usual minimal coupling procedure:
∂µ −→ ∂µ − Γµ. (1)
We also note that the Riemann-Cartan connection can be written as:
Γσµα = {
σ
µ α
} − (T σ·µα − Tµ·σα − Tα·σµ) (2)
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where { σ
µ α
} is the symmetric Riemannian connection (Christoffel sym-
bols).
A Yang-Mills field is represented as:
F aµν = ∂µA
a
ν − ∂νAaµ + gCabcAbµAcν (3)
with Cabc being the structure constants of the gauge group and minimal coupling
to the Einstein-Cartan gravitational field leads to:
F aµν = ∂µA
a
ν − ∂νAaµ + gCabcAbµAcν − 2AaρT ρµν . (4)
The problem of gauge covariance of F aµν is now manifest. Remembering that
F aµν is the curvature of a connection, we calculate it by assuming that the gauge
coupling is a function on spacetime:
Fµν = [∂µ − ig(x)Aµ, ∂ν − ig(x)Aν ] (5)
This yields
F aµν = −ig(x)[∂µAaν − ∂νAaµ + g(x)CabcAbµAcν + (∂µln(g(x))δαν − ∂ν ln(g(x))δαµ )].
(6)
Comparision with equation(4) fixes the torsion field in terms of the coupling
”function”, g(x):
Tαµν =
1
2
(δαν ∂µlng(x)− δαµ∂ν lng(x)). (7)
We shall now call the landscape modulus that determines the gauge parameter,
φ(x). The torsion tensor then reduces to the simpler form:
Tαµν =
1
2
(δαν ∂µφ(x) − δαµ∂νφ(x)) (8)
and g(x) = e
φ(x)
2 .
Note that this form of the gauge coupling gives the traditional form for the
dilaton coupling to gauge fields:
e−φ(x)F 2 (9)
One may wonder if, in a unified framework, different coupling parameters
would require different scalar (moduli) functions with the torsion being some
suitable combinations of derivatives of the moduli. That this is not the case can
be seen easily through the example of the electroweak theory, with gauge group
SU(2)L × U(1)Y . Here, the covariant derivative can be written as:
Dµ = ∂µ − igT aAaµ − i
g′
2
Bµ (10)
without the coupling to gravity/torsion and the electric charge is given by
e =
gg′√
g2 + g′2
. (11)
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If we now allow both g and g′ to be functions on spacetime, then the curvature
for this connection is simply given by:
[Dµ, Dν ] = −ig[∂µAν − ∂νAµ − ig[Aµ, Aν ]−Aµ∂ν ln(g) +Aν∂µln(g)](12)
− i g
′
2
[∂µBν − ∂νBµ −Bµ∂ν ln(g′) +Bν∂µln(g′)].
Introducing gravity through the minimal coupling procedure modifies the right
hand side of equation (12) to:
− ig[∂µAν − ∂νAµ − ig[Aµ, Aν ]−Aµ∂ν ln(g) +Aν∂µln(g)− 2AρT ρµν ](13)
− i g
′
2
[∂µBν − ∂νBµ −Bµ∂ν ln(g′) +Bν∂µln(g′)− 2BρT ρµν ].
To ensure gauge invariance and hence charge conservations, it is clear that
T ρµν =
1
2
[δρν∂µln(g)− δρµ∂ν ln(g)] (14)
AND,
T ρµν =
1
2
[δρν∂µln(g
′)− δρµ∂ν ln(g′)]. (15)
These two equations can only be reconciled through the assumption that only
one scalar field determines the gauge coupling and at this stage of the evo-
lution of the universe, the couplings g and g′ are indeed related. This is a
wonderful thing since the three coupling parameters for the strong, weak and
electromagnetic forces become equal at the grand unification scale. From our
perspective, this is natural! The trifurcation of the single coupling then follows
usual arguments independent of the geometry of spacetime [10].
We now have all the dynamical fields in our Riemann-Cartan theory. The
Lagrangian which determines their dynamics is just the Einstein-Hilbert La-
grangian with non-zero torsion along with the Yang-Mills Lagrangian. Making
explicit the torsion from the Ricci scalar, gives us the dynamics for the torsion
and hence the scalar field φ(x) which we can identify with the dilaton.
3 The reduced action.
The minimalist approach dictates that the Riemann-Cartan action be simply
the Einstein-Hilbert form with the Ricci scalar being replaced by the scalar
curvature of the Riemann-Cartan spacetime, the Ricci-Cartan scalar.
S =
1
κ
∫ √−gR(Γ) (16)
with Γ being given by (2). It is not difficult to evaluate the Ricci-Cartan scalar
in terms of the Ricci scalar (R({})) and the torsion tensor. The action then
takes the form:
S =
1
κ
∫ √−g[R({}) + gµν(K ··ννσK ··σµλ −K ··νµσK ··σνλ )] (17)
The tensor K ··νµσ , is a special combination of torsion tensors and is called the
contortion tensor [5]. With our notations, it is given by:
K ··λµν = −Tµν ··λ + Tν·λµ − T λ·µν (18)
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and
Γσµα = {
σ
µ α
} −K ··λµν (19)
With the form of torsion given by (8), it is easy to write down the reduced
Riemann-Cartan action as:
S =
1
κ
∫ √−g[R({})− 24∂µφ∂µφ] (20)
4 The complete action functional.
Putting together all of the results given above, the complete (low energy) action
functional for the Riemann-Cartan gravity coupled to Yang-Mills fields is given
by:
S =
1
κ
∫ √−g{R({})− 24∂µφ∂µφ} −
∫ √−g e−φ
4
TrF 2 (21)
Thus far, we have not addressed the interaction of torsion with other matter
fields, in particular Dirac fields. In the ECSK theory [5], having excluded gauge
fields from interacting with torsion, it is found that torsion couples to the canon-
ical spin angular momentum tensor for the Dirac field. Hence, only the totally
antisymmetric part of torsion couples to Dirac fields. The Lagrangian for a
single Dirac field is simply:
LDirac(Γ) = LDirac({}) + eταβγKαβγ , (22)
where the first term on the rhs is just the usual Lagrangian for a Dirac field
in a (pseudo-) Riemannian spacetime and the second term is the interaction
term for the spin-angular momentum of the Dirac field with the torsion, while e
denotes the determinant of the local tetrad. Since the spin-angular momentum
is defined by:
ταβγ =
1
4
ψγ[αγβγγ]ψ, (23)
it is clear that ταβγ is totally antisymmetric (the square brackets denote anti-
symmetrization with respect to all the enclosed indices). In our case, the torsion
field takes a special form when forced to couple to gauge fields and it is easy
to see that its totally antisymmetric part is zero, i.e; the second term on the
right hand side of equation(22) vanishes. Therefore, the inclusion of Dirac fields
would follow the standard procedure for coupling to Einsteinian gravity with-
out torsion. Notice that the Dirac fields are not excluded from interacting with
torsion. It is just that the special form of torsion imposed upon us by gauge
invariance, does not provide for interaction terms between Dirac fields and the
torsion field. This implies that in this Riemann-Cartan theory, while torsion
is non-zero and the minimal coupling procedure holds for all matter fields, the
particular form that torsion (φ) takes precludes it from interacting with Dirac
fields except through the (minimal) gauge coupling. Therefore, evolution of all
matter fields including gravity will follow the Einsteinian path after the modulus
φ becomes a constant as matter is created in the early universe.
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